Nodal semimetals (e.g. Dirac, Weyl and nodal-line semimetals, graphene, etc.) and systems of pinned particles with power-law interactions (trapped ultracold ions, nitrogen defects in diamonds, spins in solids, etc.) are presently at the centre of attention of large communities of researchers working in condensed-matter and atomic, molecular and optical physics. Although seemingly unrelated, both classes of systems are abundant with novel fundamental thermodynamic and transport phenomena. In this paper, we demonstrate that low-energy field theories of quasiparticles in semimetals may be mapped exactly onto those of pinned particles with excitations which exhibit power-law hopping. The duality between the two classes of systems, which we establish, allows to describe transport and thermodynamics of each class of systems using the results established for the other class. In particular, using the duality mapping, we establish the existence of a novel class of disorder-driven transitions in systems with the power-law hopping ∝ 1/r γ of excitations with d/2 < γ < d, different from the conventional Anderson-localisation transition. Non-Anderson disorder-driven transitions have been studied broadly for nodal semimetals, but have been unknown, to our knowledge, for systems with long-range hopping (interactions) with γ < d.
The last few years have seen an explosion of interest in nodal semimetals, such as Weyl, parabolic and nodal-line semimetals [1] , owing to their potential applications in future electronic and spintronic devices, in addition to the abundance of novel fundamental phenomena observed in these materials: chiral anomaly [2] [3] [4] [5] [6] , magnetohydrodynamic effects [7] [8] [9] [10] , topologically protected surface states [11] [12] [13] , etc. These systems have also changed researchers' perspective on phase transitions in disordered systems; Weyl and Dirac semimetals have been demonstrated to display disorder-driven phase transitions (or possibly very sharp crossovers [14] ) in universality classes different from those of the Anderson metal-insulator transitions [15] [16] [17] . These transitions have been demonstrated [18] to occur also in a broader class of systems in sufficiently high dimensions.
Another, seemingly unrelated, class of systems which have been at the centre of researchers' attention recently are systems of pinned particles with power-law interactions. The amplitude of hopping of excitations in these systems displays a power-law decay with distance, ∝ 1/r γ . Such systems include, but are not limited to, polar molecules [19, 20] (γ = 3), impurity spins in solids, Rydberg atoms [21] (γ = 3 or γ = 6), nitrogen vacancies in diamonds [22, 23] (γ = 3) and neutral excitations in strongly disordered electronic systems (γ = 3 in 3D systems and γ = 2 in thin dielectric films [24] [25] [26] ). Furthermore, power-law hopping with a tunable parameter 0 < γ < 3 has been realised [27] [28] [29] [30] recently in 1D and 2D systems of trapped ultracold ions. Similarly to the case of nodal semimetals, in the presence of quenched disorder power-law hopping is expected to lead to unconventional localisation phenomena or disorder-driven criticality (see, e.g., Refs. [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] ) and is also studied often in the context of many-body localisation [41] [42] [43] [44] [45] [46] . Nodal semimetals and systems with power-law hopping may seem completely unrelated and are usually studied independently by two communities of researchers working, respectively, on condensed-matter systems and in atomic, molecular and optical physics. As it has already been noted [17, 38] , however, systems with powerlow hopping, whose amplitude decays with distance as ∝ 1/r γ with d < γ < 3d/2, display the same type of nonAnderson disorder-driven transitions which take place in nodal semimetals and which is absent for faster decay, corresponding to γ > 3d/2. There is thus a natural connection between the two classes of systems. The phenomenology of systems with slower decay of the hopping, corresponding to 0 < γ < d, is understood, in our opinion, much more poorly; the possibility of the unconventional disorder-driven transitions in them has not been investigated until this work.
In this paper, we derive a duality transformation between the field theories of disordered systems with the power-law dispersion ∝ k α , with 0 < α < d, typical for nodal semimetals, and the field theories of hopping in arrays of random-energy sites with the amplitude ∝ 1/r γ , with 0 < γ < d, hereinafter referred to as "long-range hopping" (as opposed to "short-range hopping", decaying with distance faster than 1/r d ). Since particles displaying the long-range hopping between sites may be considered as having a singular kinetic energy ∝ k γ−d , the duality transformation may be said to establish a mapping between disordered systems with kinetic energies k α and k −α , as shown in Fig. 1 , where 0 < α < d. This duality mapping may be used to describe phenomena in each of these two classes of systems, by using theoretical descriptions and experimental results available for the other class, or to develop new models and descriptions. of disorder-driven quantum phase transitions in systems of particles which hop between randomly located sites with the amplitude depending on distance as 1/r γ with d/2 < γ < d. Such systems may be realised by means of ultracold ions in optical or magnetic traps [27] [28] [29] [30] . They serve also as models for studying many-body localisationdelocalisation transitions in the presence of power-law hopping [45] [46] [47] (see Fig. 1 ). These transitions in systems with long-range hopping are dual to the non-Anderson disorder-driven transitions [17] in nodal semimetals and systems with short-range hopping. While unconventional disorder-driven transitions have been a target of vigorous studies in the context of Weyl semimetals (see Ref. [17] for a review) and of short-range hopping [35] [36] [37] [38] 48] (i.e. decaying faster than 1/r d ), disorder-driven transitions for long-range hopping ∝ 1/r γ , with γ < d, have not been investigated previously, to the best of our knowledge, and are established here for the first time by means of the duality arguments.
These transitions manifest themselves in the singular behaviour of the density of states (DoS) and other observables. We emphasise that these transition are not accompanied by localisation or delocalisation of wavefunctions, as all states are expected to be delocalised for long-range hopping [31, 33] , and belongs to a universality class different from that [49, 50] of Anderson localisation.
Duality mapping. To establish the duality, we consider a semimetal with the power-law quasiparticle dispersion ξ = ak α near the node, which has a trivial spin and sublattice structure, in the presence of randomly located short-range impurities, whose potentials may be approximated by delta-functions with amplitudes λ n ; u(r) = n λ n δ(r − r n ). Our arguments may easily be generalised to the cases more complicated dispersions, including spin and valley structures, and impurity potentials [51] . In this paper, we focus on singleparticle disorder-driven phenomena and use a supersymmetric [50] field theory to describe quasiparticle states whose action is given by
wherek = −i∂ r is the momentum operator; ψ is a fourcomponent supervector with components in the BF ⊗ RA (boson-fermion ⊗ retarded-advanced) space [50] 
Values of observables in this semimetal may be represented in the form O = DψDψ † . . . e −LSM , where . . . are supersymmetry-breaking terms. Introducing supervectors φ(r n ) at the locations r n of the impurities by means of the Habbard-Stratonovich transformation
and integrating out the fieldsψ and ψ at all other locations r = r n leads to a field theory with the action
in terms of the fields φ, where
is a matrix of the Green's functions in a disorder-free semimetal.
In the vast majority of nodal semimetals (such as 3D Dirac, Weyl and parabolic semimetals, graphene) the exponent α of the dispersion ξ k ∝ |k| α is exceeded by the dimensions d. Power-law dispersion with α < d may also be realised in 1D and 2D systems of trapped ultracold ions [27] [28] [29] [30] and certain other systems, such as 1D plasmons (corresponding to α = 1/2). In all these systems, the Green's functions G E (r) at low energies E display power-law decay with distance r, which gives the action
where j =
for the case of the dispersion ξ k = a|k| α with a trivial spin and valley structure considered here. For more complicated structures of the dispersion of the semimetal, the first term in the action (3) will still display the power-law decay ∝ 1/|r n − r m | d−α , but will involve the respective valley or spin degrees of freedom. For example, in the case of a Weyl semimetal, with the quasiparticle dispersion given by ξ k = vσ · k, whereσ is the pseudospin operator, the system may be described by action (3) with the replacement j → − (3) is, therefore, a duality transformation between the field theories of a disordered nodal semimetal and a systems with power-law hopping in an array of random-energy sites.
This duality may be used to explore novel phenomena in each of these two classes of systems using the theories and experimental results available for the other class. In particular, we predict in what follows a novel disorderdriven quantum phase transition for systems with powerlaw hopping, which is dual to the disorder-driven transition in semimetals in high dimensions [17] .
Non-Anderson disorder-driven transitions in systems with long-range hopping. In order to demonstrate the existence of these novel transitions, we consider a spin-1/2 XY model on randomly located sites, where the exchange interaction between the spins depend on the distance between them as power law. The Hamiltonian of this model, which may be realised by means of trapped ultracold particles, is given bŷ
where the on-site magnetic fields −E n are random and uncorrelated on different sites and we consider γ < d.
In general, in the limit of small j, spin-flip-type excitations in this model propagate similarly to single particles with the amplitudes which decay with distance as power law [25, 26, 40, 47, 52] . For simplicity, we assume that the on-site field E n fluctuates weakly on top of a large average value E n dis and, as a result, all the spins are almost entirely polarised in the same direction in the ground state. The propagation of spin-flip excitations may then be mapped exactly onto a single-particle model with the action (3) .
In what follows, we demonstrate that the system exhibits a non-Anderson phase transition when changing the coupling amplitude j or the amplitude of the fluctuations of the on-site energies E n . This transition may manifest itself in the form of singularities in various physical observables, such as the diffusion coefficient or magnetic susceptibility. In what follows we focus on the behaviour of the DoS of low-energy excitations.
Below, we consider the states of the Hamiltonian (4) with energies E = E n dis + ω weakly deviating from the large average on-site field E n dis . The DoS of single spin-flip excitations at energy ω is given by
where s R (r n ) is the retarded bosonic component of the supervector φ(r n ); V is the volume of the system; L Hop is given by Eq. (3) with λ −1 n = −E n + E n dis ; the term L ω accounts for the effect of the energy ω to the action; L s (η) is the supersymmetry-breaking source term; η is an infinitesimal parameter.
The full action L = L Hop + L ω + L s (η) used to obtain the DoS (5a) thus matches action (3) with the replacement λ −1 n → −E n + E n dis +ω−η·1 BBRR , where 1 BBRR is the projector to the bosonic retarded parts of supervectors. The corresponding dual action of a semimetal is given by Eq. (1) with the same replacement and with
Expanding that action to the first order in small parameters ω and η and performing disorder averaging of the DoS, while keeping only the first cumulants in the disorder strength
gives the effective action of a semimetal
wheres * R ands R are the retarded bosonic components of the supervectorsψ and ψ.
Equation (7) is the action of a disordered semimetal with the quasiparticle dispersion ξ k = ak d−γ and with a source term which generates the DoS. According to Eq. (5a) and the action (7), the DoS of low-energy excitations in the model described by the Hamiltonian (4) is given by
where ρ SM (ωκ) is the DoS in the dual semimetal described by the action (7) at energy ωκ and the disorder strength κ given by Eq. (6). Disorder-driven phenomena in systems described by actions of the form (7) (Dirac semimetals, highdimensional semiconductors, quantum kicked rotors, etc.) have recently been a subject of vigorous theoretical and numerical investigations [17] . Under some approximations, they are known to display phase transitions (or sharp crossovers [14] ) between strong-disorder and weak-disorder phases at a certain value ω c of the energy, hereinafter set to zero, and disorder strength.
The relation (8) between the densities of states of a semimetal and a model with power-law hopping indicates that a disordered system with long-range hopping exhibits a critical scaling in the same universality class. However, because the on-site energies E n in the hopping model match the inverse amplitudes λ −1 n of the impurity potentials in the dual semimetal, the strong-and weak-disorder phases of the semimetal corresponds, respectively, to the weak-and strong-disorder phases of system with long-range hopping. If the disorder strength κ exceeds a critical value κ c in a system with long-range hopping, or the coupling j is smaller than a critical coupling j c , the system is in a phase with a suppressed DoS of low-energy excitations. At weaker disorder or larger intersite couplings, the systems exhibits a discontinous transition [14] to a phase with a larger DoS and better transport of the low-energy excitations.
Near the transition, the DoS ρ(ω, j) in a system with long-range hopping has the scaling form
where Φ(x) is a universal scaling function which may be different for different signs of the argument, and ν and z are the correlation-length and the dynamical critical exponents (matching those of the dual transition in a semimetal [17, 36, [53] [54] [55] [56] ); ρ smooth is an analytic contribution which comes from the instantons in actions (1) and (3) ("rare-region effects" [57] [58] [59] [60] [61] [62] [63] [64] ). A similar scaling form has been proposed in Ref. [65] for a Dirac semimetal and derived microscopically in Ref. [60] for a generic semimetal with the power-law quasiparticle dispersion ξ k ∝ k α . In this paper, we apply the same scaling form to a seemingly unrelated model of long-range hopping between sites with random energies, using the duality established here.
In semimetals, the instantonic contribution ρ smooth to the DoS may be exponentially suppressed by the small deviation |d − d c | of the dimension d from the critical dimension d c = 2γ of the transition or the number of the particle flavours [17] . Even in the absence of small parameters, various numerical studies of 3D Weyl and Dirac semimetals have found this contribution to be rather small or unobservable [17, [54] [55] [56] [65] [66] [67] [68] [69] , which allows one to use the DoS, to a good approximation, as an order parameter for the transition. It has also been suggested [14] that the instantonic contribution may broaden criticality, thus converting the transition to a sharp crossover. In this paper, however, we do not distinguish between such sharp crossovers and phase transitions. The behaviours of the DoS for various values of the coupling j and the excitation energies ω near the critical point are summarised in Fig. 2 and follow directly from the scaling form (9) and may also be inferred from the respective results for semimetals [17, 65] .
Experimental observation. The DoS of excitations in a spin model with the Hamiltonian 4 may be observed explicitly in experiments on trapped ultracold particles by measuring the spin susceptibility χ xx (ω) = i j ∞ 0 ŝ x i (t),ŝ x j (0) e it(ω+i0) dt. The imaginary part of the susceptibility determines the dissipation in the sys-tem due to creating spin-flip excitations and is related to the density of states of the excitations as Imχ xx (ω) = N ρ(ω).
Describing spin-flip excitations in the spin model with the Hamiltonian (4) by a single-particle model with action (3), considered here, is justified if all the spins are polarised in the ground state by the average value of the on-site magnetic magnetic field. It is also expected often that single-particle descriptions for excitations in the considered spin model are appropriate even if the sign of the magnetic field fluctuates in space, so long as the parameter j is sufficiently small [25, 26, 40, 47, 52] . In the latter case, we still expect the existence of disorder-driven phase transitions between the "weak-hopping" (irrelevant ratio of the hopping to disorder amplitudes) phase at small j and a "strong hopping" phase at larger j. We leave, however, such models for future studies.
Outlook. Natural further research directions include extending the duality between nodal semimetals and systems with long-range hopping, which we established here, to interacting systems, more generic and anisotropic dispersions (e.g., in nodal-line and nodal-surface semimetals) and other models of disorder. The new approach of describing semimetals in the dual representation, established here, may also also be used to investigate, for example, rare-region effects and the possibility of other unconventional phase transitions.
